A coupled channel model is used to study the nature of the scalar mesons produced in the decay φ → γππ. The KK molecular picture of f 0 (980) is found to be in a good agreement with the recent experimental data from SND and CMD-2. The structure of the light scalar mesons is elucidated by investigating the S-matrix poles and the qq spectral density.
Introduction
The production of scalar mesons in radiative decays is a valuable source of information on hadron spectroscopy. It was argued [1, 2] that the branching ratio for φ → γf 0 (980) can be used to make a unique choice among different models of f 0 (980): a conventional quark-antiquark state, an exoticstate [3] , and a KK molecule [4] . Such a possibility to resolve the long debated problem of the f 0 (980) structure using a single partial width looks very attractive. However, it was argued in [5] that the dependence of the theoretical predictions for the φ → γf 0 (980) decay on the f 0 (980) structure is partly due to differences in modeling. Recent measurements of the radiative decays φ → γπ 0 π 0 by SND [6] and φ → γπ + π − , γπ 0 π 0 by CMD-2 [7, 8] in Novosibirsk have made it possible to confront alternative models of the light scalar mesons with experimental data.
The goal of this paper is to reanalyze the calculation of the decay width for φ → γf 0 (980) in coupled channel models where the f 0 (980) state arises as a dynamical state (a KK molecule which may also have a substantial admixture of a quarkantiquark component). Since the φ meson is nearly a pure ss state, the decay φ → γππ is an OZI-rule violating process which is expected to proceed via a twostep mechanism with intermediate KK states. Therefore this decay is well suited for probing the KK content of the scalar mesons. The KK molecular state was originally proposed in the potential quark model [4, 9, 10] . A dynamical state close to KK threshold is also introduced in the coupled channel models [11] [12] [13] [14] and in the meson exchange interaction models [15, 16] . A state strongly coupled to the ss and KK channels near the KK threshold was as well found in the unitarized quark model [17, 18] . The coupled-channel model derived from the lowest order chiral Lagrangian [19, 20] produces a scalar state dominated by the KK channel. General discussions of the nature of the f 0 (980) can be found in [10, 13, 17, [21] [22] [23] and references therein.
Our approach is based on a coupled channel model (CCM) for the ππ and KK systems which is similar to the one studied in [13] . The calculation of the decay φ → γf 0 (980) for point-like particles is summarized in Sec. 2 . The details of the coupled channel model are given in Sec. 3, and the model parameters are determined from a fit to the ππ scattering data. The reaction φ → γππ in a CCM framework is studied in Sec. 4 . The analytic structure of the ππ and KK scattering amplitudes is investigated in Sec. 5. The mixing between the two-meson andchannels is discussed in Sec. 6. In Sec. 7 the physical properties of the scalar mesons in the model proposed are discussed and compared to other approaches in the literature. The details of the formalism are collected in the Appendices.
2 The Decay φ → γf 0 For the benefit of the reader, we begin with a brief summary of the formulas describing radiative transitions between vector and scalar states. The amplitude of the radiative φ decay into the scalar meson f 0 has the following structure which is imposed by gauge invariance:
where (ǫ φ , p) and (ǫ γ , q) are the polarizations and four-momenta of the φ and γ, correspondingly, and H(p 2 , (p − q) 2 ) is the scalar invariant amplitude which depends on the invariant masses of the initial and final mesons. The polarization vectors satisfy the constraints ǫ φ · p = 0 and ǫ γ · q = 0. Using the three-dimensional gauge ǫ γ = (0, ε γ ) in the center-of-mass system (CMS) one gets the amplitude
where m φ is the φ mass, ω is the photon energy in the CMS, and ε φ and ε γ are the φ and γ three-dimensional polarization vectors in the CMS, respectively. For point-like particles, the amplitude M(φ → γf 0 ) is given by the diagrams in Fig.1 (see [5] and references therein). While the diagram Fig.1(a) corresponding to loop radiation is overall logarithmically divergent, its contribution to the p ν q µ term in Eq.(1) is finite. Gauge invariance enforces the appearance of the seagull diagram Fig.1(b) which contributes only to the g νµ (p · q) term in Eq. (1) . Since the sum of the loop-radiation and seagull terms is gauge invariant, one obtains the total amplitude M(φ → γS) by calculating only the p ν q µ term of the loop radiation. The result for the scalar invariant amplitude is [24] 
The minimal gauge-invariant set of diagrams for the decay M(φ → γf 0 ) in the case of point-like particles: (a) the loop radiation; (b) the contact term.
where g φ and g f 0 KK are the φK + K − and f 0 K + K − coupling constants and the function I(a, b) is defined in Appendix A. The radiative decay width is
The generalization of Eqs. (1, 3, 6) to the case φ → γππ where the ππ system has total angular momentum J = 0 and isospin I = 0 is straightforward [25] :
Here the scalar invariant amplitude
is given by (compare with Eq.(3))
and t K + K − −ππ is the J = 0 part of the T -matrix for the K + K − → ππ scattering. The ππ invariant mass distribution has the form
where t 0 KK−ππ = √ 6 t K + K − −π + π − is the isoscalar KK → ππ amplitude and k ππ is the relative momentum of the pions in the final state:
Equation (9) leads to Eq.(6) in the Breit-Wigner (BW) approximation for the
under the assumption that the integral over the ππ mass spectrum is saturated by the narrow resonance with mass M f 0 and width Γ f 0 (see Appendix A). According to Eq.(8), the hadronic part of the amplitude, which contains the information about the scalar mesons, is factored out in the form of the T -matrix for the K + K − → ππ scattering, with both the physical region (M ππ ≥ 2m K ) and the unphysical region (M ππ < 2m K ) being relevant to the φ → γππ decay. It is known from the studies of scalar mesons, see [13, 22, 23, 26] and references therein, that the analytical structure of the scalar-isoscalar amplitudes near the KK threshold is far from being a trivial BW resonance. Therefore a coupled channel model of the K + K − → ππ scattering is required to describe the decay φ → γππ beyond the BW approximation.
The ππ − KK Coupled Channel Model
To describe the interaction in the ππ − KK system with total angular momentum J = 0 ++ and isospin I G = 0 + we exploit a coupled channel model similar to that of [13] . The two scattering channels, 1 and 2, correspond to the ππ and KK systems and channel 3 contains a singlebound state. The T -matrix, as a function of the invariant mass squared s, is defined by the Lippmann-Schwinger equation
where G 0 (s) is the free Green function. The interaction potentials are taken in separable form:
where the form factors in channel 1 and 2 depend on the corresponding relative three-momentum k:
In [13] , the potentials v ij (s) were assumed to be energy independent, and the chiral symmetry constraints on the scattering amplitude were strictly imposed only in the ππ channel by adjusting the strength of v 11 so that the Adler zero is at the correct position. In the present case, it is essential to ensure a correct behaviour of the KK − ππ scattering amplitude not only in the physical scattering region but also down to the ππ threshold. We found it easier to impose the chiral symmetry constraints by using energy dependent potentials 1 . The energy dependence is taken in the form
With our choice of interaction (13-18) the analytical solution for the T -matrix can be easily obtained. Further details of the model are given in Appendix B. As in [13] we assume that the diagonal interaction in the KK channel produces a weakly bound state in the absence of coupling to the other channels, thus simulating a "molecular" origin of the f 0 (980) resonance. The state |qq in channel 3 has a bare mass Table 1 and Figs.2(a,b). Since the fit was found to be only weakly sensitive to the form-factor parameter λ 2 , its value was fixed, and only the coupling constants g ij , the bare mass of qq, and λ 1 were treated as free parameters. The parameter b in the diagonal ππ potential Eq.(16) was used for fine tuning of the ππ scattering length which was fixed at a 0 0 = 0.22m
π . The best fit of only the ππ scattering data (fit 1) does not lead automatically to a very good description of the ππ invariant mass distribution in the decay φ → γππ. However, the shape of the φ → γππ improves if the dΓ/dM ππ data are added to the fit as shown in Fig.3 (the details are discussed in Sec.4). As a result, our model provides a good description of the whole data set. Table 1 : The model parameters obtained from the data fits. The fit 1 is based on using only the ππ scattering data (the phase δ 0 0 and the inelasticity η 0 0 ). The fits 2-4 include in addition the mass distribution dΓ/dM ππ in the decay φ → γπ 0 π 0 : data from SND [6] in fit 2, from CMD-2 [8] in fit 3, and the combined data [6, 8] The energy dependence of the T -matrix element t K + K → ππ calculated in our coupled channel model is shown in Fig.4 . In addition to a narrow peak due to the f 0 (980) state, this matrix element has a significant contribution from the lower mass region corresponding to the σ meson.
The Decay φ → γππ in the Coupled Channel Model
The formulas given in Sec. 2 are valid for point-like particles. When a form factor in the KK − ππ vertex is included, the φ → γππ amplitude contains an additional term arising from the minimal substitution k µ → (k µ − eA µ ) in the momentum dependence of the form factors (see [5] for details). With an appropriate choice of the form factors, the sum of three diagrams shown in Fig. 5 becomes explicitly finite. In order to study the influence of the form factors on the results for the φ → γππ we use a nonrelativistic approximation for the K + and K − , which is justified by the fact that the most interesting region corresponding to the f 0 (980) resonance is very close to the KK threshold. The electric dipole matrix element is factorized into two parts describing the K + K − loop radiation with gauge invariant complement and the final state rescattering K + K − → ππ, correspondingly. The total scalar invariant amplitude has the form
which is similar to the relativistic point-like case defined by Eq. (8) where the function I(a, b) is replaced by J λ (M ππ ). For the definition of J λ (M ππ ) and further technical details we refer to Appendix C. The parameter λ refers to the form-factor dependence on the relative K + K − momentum in the K + K − → ππ vertex given by Eq. (15) . Figure 6 shows the dependence of the electric dipole matrix element on the ππ invariant mass for different values of the form-factor parameter λ in comparison with the relativistic point-like case. The ππ invariant mass distribution in the decay φ → γπ 0 π 0 . The curves are the results from our model: the dashed line corresponds to fit 1, the solid line to fit 4. The experimental points are from [6] and [8] .
With our choice of the form factor (15) there is no substantial suppression of the nonrelativistic result 2 in comparison to the point-like case for the relevant range of λ = 0.6 − 0.8 GeV (which corresponds to the data fit in our coupled channel model).
For larger values of λ, the full relativistic treatment is needed as the real part of the nonrelativistic result becomes sensitive to the short distance contribution (see the discussion in [5] ). The dependence of the imaginary part of M(φ → γππ) on the form factor in the mass region close to the KK threshold is rather weak. As a result, we can neglect the form-factor dependence in the loop calculations and just use the relativistic point-like result given by Eq. (8) . It is interesting to note that the imaginary part can be obtained from the divergent triangle diagram Fig.5(a) alone by using the Siegert theorem which ensures a correct behaviour of the electric dipole matrix element.
The Poles of the S-Matrix
The poles of the S-matrix in the complex s-plane corresponding to the fits in Sect.3 are shown in Table 2 III (Im k 1 < 0, Im k 2 < 0), corresponds to a broad structure associated with the σ meson. The other pair of poles, M C on sheet II and M E on sheet III, corresponds to a broad resonance above the KK threshold, which can be associated with the f 0 (1370) state (for a more realistic description of the S-matrix above 1.3 GeV additional poles are needed which are not included in the present model). The position of the resonance poles depends on the coupling constants, and this distinguishes them from the fixed poles originating from the singularities of the form factors (15) . The latter are located at k 1 = ±iλ 1 and k 2 = ±iλ 2 , their distance to the physical region being determined by the range of the interaction. In our model these fixed poles approximate the potential singularities which correspond to the left hand cut in a more general case. The origin and the nature of the resonance poles found in our model can be elucidated by studying how these poles move in the complex s-plane when the model parameters are varied between the physical case determined by the fit and the limit of vanishing couplings in the ππ channel and between the ππ and the other channels (KK and qq):
The diagonal interaction in the KK channel with the physical strength of the coupling g 22 produces a bound state close to the KK threshold with mass m KK = 0.97 GeV. Our coupled channel model has only one pole M A = 0.975 − i0.017 GeV near the KK threshold, which is sufficient for a good description of the ππ scattering data. This pole is directly related to a molecular KK state in the absence of coupling to the ππ channel. The number of the S-matrix poles near the KK threshold has been discussed in the literature (see [13, 22, 26] and references therein) for a long time. While the relation of the f 0 (980) meson to at least one S-matrix pole close to KK threshold is well established, the exact location and even the number of the relevant S-matrix poles is model dependent as demonstrated in Fig.8 . The models based on dynamical input (coupled channel, potential, unitarized chiral perturbation theory) [11, 12, 14, 16, 17, 19, 30] usually produce only one pole which can be traced to a weakly bound KK state in an appropriate limit of the channels coupling. One exception to this observation is a coupled channel model [13] where the second pole near the KK threshold results from the interplay of a nearbypole with dynamical singularities. We were not able to find a good fit with the same feature in our model; the main reason appears to be due to the using of the energy dependent potentials in Eq. (13) contrary to the case in [13] . However, it is not excluded that two-pole solutions can be found with some other parametrization of interactions in CCM. It remains to be investigated whether two-pole solutions are compatible with the data on the φ → γππ decay. The K-matrix parameterizations [22, 26, [31] [32] [33] [34] [35] [36] routinely produce the second pole on sheet III. There is, however, a much larger spread in this pole location than on sheet II. As shown above, the reaction φ → γππ allows one to probe the scattering KK → ππ both above and below the KK threshold, and the ππ mass distribution in φ → γππ is very sensitive to the S-matrix poles related to the f 0 (980). Therefore more detailed experimental data on φ → γππ would be very useful for reducing the present uncertainty about the analytical structure of the S-matrix in the f 0 (980) region.
6 The Mixing between theand Mesonic Channels The mixing of the quark-antiquark states with the open meson channels can be studied in the CCM by using the probability sum rule for a resonance embedded into a continuum [38] which is described in Appendix B. The spectral function ρ(s) which determines the probability density for thecomponent in the scattering states, as defined by Eq.(52), is shown in Fig.9(a) . In the case of weak coupling, the probability density would be well localized near the position of the barestate at M r = 1.1 GeV. For the physical case, we find a broad peak centered above the KK threshold in the region corresponding to the f 0 (1370) resonance (the poles M E and M C ). There is also a sizable contribution to thespectral density from the low-mass region of the σ meson. The ρ(s) distribution in the f 0 (980) resonance has a characteristic dip-bump structure resulting from an interplay of the resonance pole M A with a nearby zero of the mass operator Π(s). The position and the width of the ρ(s) distribution indicates that an essential contribution to the saturation of the sum rule (52) comes from the pole M B related to the σ meson, while the narrow structure associated with the pole M A alone plays a minor role. The fact thatcoupling with the ππ channel significantly enhances the spectral density ρ(s) in the region of the σ meson is related to the interplay of the S-matrix poles demonstrated in Fig.7c : the pole M B corresponding to the σ meson is pushed towards the ππ threshold by the pole M C originating from thestate.
Using the spectral density ρ(s) we can calculate the contribution of thescalar mesons to the QCD sum rule related to the scalar quark condensate [39] . Figure 9b shows the Laplace transform of the spectral density which is used in the sum rule analysis:
The advantage of CCM with respect to the previous studies (see [40] and references therein) where the contribution of themesons was usually approximated by one narrow resonance is a more realistic shape of thespectral density in the lowmass region which is important in the Laplace sum rules. As a result, the momenta I 0 (M 2 ) and I 1 (M 2 ) have quite different slopes in their M 2 -dependence as shown in Fig.9(b) .
Discussion
The theoretical calculations of the decays φ → γππ and φ → γf 0 (980) and the corresponding experimental data are summarized in Table 3 . The predicted branching ratios for the γπ 0 π 0 and γπ + π + channels should be compared with the experimental data with some caution. While these branching ratios can be easily defined theoretically (Γ φ→γπ + π − /Γ φ→γπ 0 π 0 = 2 for the isoscalar ππ states, e.g.), the data analysis relies on the modeling of competing reaction mechanisms. In particular, the interpretation of the experimental results for the γπ + π + channel involves the consideration of the interference between the e + e − → φ → γππ and e + e − → γρ → γππ mechanisms. In this respect, we wish to emphasize again the importance of using a realistic K + K − → ππ amplitude instead of a simple superposition of BW resonances. The channel γπ 0 π 0 which is free from the ρ meson contribution in the ππ channel appears to be better suited for the study of the ππ invariant mass distribution, although this case has some background due to the mechanism φ → π 0 ρ 0 → π 0 π 0 γ. Our results are in good agreement with recent calculations within the chiral unitary approach [25] both for the total width and for the ππ mass distribution. This is not surprising because in both cases the f 0 (980) resonance is produced mainly by the attractive interaction in the KK channel. Our result for the total width Γ φ→γππ is close to the earlier calculations of the two-step mechanism with the intermediate [5, 24] which used the BW approximation (6) with the coupling constant g 2 f 0 KK /4π = 0.6 GeV 2 . In our model we can define an effective coupling constant g f 0 KK by approximating the KK → ππ amplitude (48) by a BW resonance which leads to slightly higher value of g
The effect of the form factor in the KKππ vertex was studied earlier in [5] where a suppression by a factor of about 5 was given as an estimate. This significant suppression resulted from the use of a very soft dipole form factor with the characteristic parameter µ = 0.14 GeV (Eq.(4.14) in [5] [5] φ → γf 0 (980) (with form factor) 0.3 · 10
[8] Table 3 : The calculated branching ratios for φ → γ(ππ) J=0 and φ → γf 0 (980) in comparison with the experimental data.
the study of the φ → γγ decay [41] . However, the 2γ decay is related to the short distance behavior of the KK wave function, while we are interested in the φKK vertex at moderate relative momenta (in general, there is no unique relation between these two properties, see the discussion in [41] ). It is difficult to justify such a low value of the form-factor parameter in the CCM: a good fit of the scattering data requires much harder form factors as discussed in Sec. 3. A weak effect of the form factor found in our case is consistent with the results in [5] if the form-factor parameter µ ≥ 0.5 GeV is used there. In view of this overall agreement between different calculations of the two-step mechanisms with the K + K − intermediate state we find it difficult to agree with the statements [2, 42] that the KK model of f 0 (980) can be excluded on the ground of its alleged conflict with the φ → γf 0 (980) data. Since the hadronic part of the amplitude φ → γππ is factored out as the matrix element t KK−ππ or, in the simplified case, as the coupling constant g f 0 KK , the self-consistency of the KK model of f 0 (980) can be examined by analyzing the value of g f 0 KK . For this purpose we use a well known result from nonrelativistic scattering theory: the residue of the scattering matrix at a pole corresponding to a bound state is uniquely related to the asymptotic normalization constant of the bound state wave function which for a weakly bound state depends, in leading order, only on the binding energy. For a weakly bound KK state, the relation between the g f 0 KK and the binding energy
where λ is the range of the KK interaction. Taking E b = 4 MeV and neglecting small corrections of the order κ/λ one gets
= 0.7 GeV 2 which is very close to the values discussed above. Therefore a large KK component is naturally expected for the f 0 (980) state regardless of further details of particular models.
Conclusion
The decay φ → γππ has been studied in an exactly solvable coupled channel model containing the ππ, KK, andchannels using separable potentials. The f 0 (980) resonance corresponds to one S-matrix pole close to the KK threshold; this pole has a dynamical origin and represents the molecular-like KK state. The molecular picture of the f 0 (980) meson is found to be in a fair agreement with the experimental data. We confirm the assessment of [5] that the earlier conclusions about suppression of the φ → γf 0 (980) branching ratio in the molecular KK model were partly related to differences in modeling.
The lightest scalar meson, σ, has a dynamical origin resulting from the attractive character of the effective ππ interaction, with a partial contribution from the coupling via the intermediate scalarstates. The distinction between genuinestates and dynamical resonances, σ and f 0 (980), can be illuminated by considering the limit N c → ∞ where thestates turn into infinitely narrow resonances while the dynamical states disappear altogether.
The structure of thestate embedded into the mesonic continuum has been analyzed using the calculatedspectral density. The gross structure of the quarkantiquark spectral density ρ(s) is related to the f 0 (1370) resonance. There is also a significant contribution to ρ(s) in the low mass region (σ meson) which is related to the strong coupling between the ππ andchannels. The same approach can also be used for the QCD sum rules related to the gluon condensate by extending the coupled channel model to include the mixing with the scalar glueballs. The consideration of this topic is beyond the scope of this paper.
Here |k 1 and |k 2 denote the free ππ and KK states with relative momenta k 1 and k 2 , respectively. The state |qq in channel 3 has a bare mass M r . With the form factors given by Eq. (15) 
where k n (s) is the relative momentum in the channel n:
The ππ elastic scattering amplitude f ππ (s) and the ππ−KK amplitude f ππ−KK (s) have the form: 
The connection between the partial wave S-matrix and the scattering amplitude f ππ is given by 
The spectral density of thestate has the form [13] ρ(s) = 1 2πi (G 3 (s − iǫ) − G 3 (s + iǫ)) ,
where G 3 (s) is the exact Green function in the |qq subspace: 
Equations (49,52) represent the completeness relation projected onto thechannel and the normalization qq|qq = 1.
to the form-factor parameter. In deriving the nonrelativistic approximation (55-59) we keep only the positive-energy parts of the kaon propagators and substitute d 3 k/E k → d 3 k/m K in the final integral. The total amplitude M N R vanishes at ω = 0 as expected for the electric dipole transition. The diagram Fig.5(c) contains two terms according to Eq.(59) which can be combined with the loop radiation term (55) and the contact term (57) in a way that the combinations (I a +I c2 ) and (I b +I c1 ) are explicitly finite and both vanish at ω = |q| → 0. The integrals (55-61) with our choice of the form factor can be straightforwardly calculated in analytical form.
